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Abstract: This poper introduces the concept of perfect domination polynomial of a 

graph. Perfect domination polynomial depends on the cardinality of perfect dominating

sets of the graph. Results on the Perfect domination polynomial of certain classes of 

graphs are also obtained. 
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1. Introduction

Let G= (V, E) be a simple graph of order n. For any vertex u E V, the open neighborhood 

of u is the set N(u) = {v e V\ uo E E}. A set S cV is a dominating set of G, 

if every vertex u E V is an element of S or is adjacent to an element of S 4. The 

dominating set S is a perfect dominating set if| N(u) nS =1 for each u e V - S, or 

equivalently, if every vertex u E V - S is adjacent to exactly one vertex in S [7]. Perfect

dominating set is a subset of dominating set. This concept of Perfect domination was first 

studied by Weichsel. The perfect domination number 7p is the minimum cardinality of 
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a perfect dominating set in G. Let Dpr(G, i) be the family of perfect dominating sets of 

a graph G with cardinalityi and let dpr(G, i) =| Dps(G, i) |. We call the polynomial 

D, C,r) =EG dpr(G, i)r', the perfect domination polynomial of a graph G. 

2. Perfect domination polynomial of a graph 

Definition 2.1. Let D,(G. i) be the fanily of perfect dominating sets of a graph G with 

Cardinality i and let d,y (G.i) = | D,s(G. i)|. Then the perfect Dominat ion Polynomial 

D,G,) of G is defined as D,(G.r) = Gdp(G. i)r' 

Example 2.2. Consider the follow ing graph G with five vertices in Figure 2.1 

3 

Figure 2.1. Graph in Exanple 2.2 

The Perfect Dominating Sets of cardinality one is empty. which implies | Dps(G, 1) |=0 

The Perfect Dominating Sets of Cardinality two are {v1. v2} and {v3, vs}, then 

Dpr(G,2) =2 

The Perfect Dominating Sets of Cardinality three is {v1.v3, vs}, then | Dps(G,3) =1 

The Perfect Dominating Sets of Cardinality four is empty, then Dps(G, 4) |=0 
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The Perfect Dominating Sets of Cardinality five is {v1, v2, v3, v4, Us} which implies 

Dps (C,5) |=1 

Thus, dps(G, 1) = 0,dpf(G.2) = 2, d,s (G,3) = 1, dpf (G, 4) = Oandd,s (G, 5) = 1. 

Note that p(G) = 2. Hence, 

Ds(C,) =4ps(G, i) 
i=2 

= dps(G. 2)r* + d,,(G. 3)r3 + dpf(G, 5)13 

= 2r+r+ 

Theorem 2.3. Let G be a graph of two conponents G1 and G2 then Dps (G, x) = 

Dpr (G1, T)D,f(G2. r) 

Proof. Given G be a graph consists of two components G and G2. Let 7p (Gi) and 

Tps(G2) be the perfect dominating number for the graphs G and Gz respectively. Let 

je pr(G1). Tps(G1 +1),..| V(G) I). A Perfect Dominating Set of k vertices in G 

arises by choosing a Perfect Dominating set of j vertices in Gi and a perfect dominating 

set of k-j vertices in G2. Doing this same process for all j we get exactly the coefficient 

of r in Dpf (G1, 2)Dpf(G2,r). Hence, we get the same coefficient of r* in D,r(G, z) and 

Dpr(G1,)Dp/(Ga, z). Therefore, D,s(G, r) = D,r(G1. 2)D,r(G2. 7). 

Example 2.4. Consider the Following Graph G with two components G and G as in 

Figure 2.2. 
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U2 U1 V5 V8 

V6 V7 

Figure 2.2. G1 and G2 of Example 2.4 

First the perfect domination polynomials of G1 and G2 are to be found. Since, 

G1 is a Path with four vertices p (G1) = "4/37 = 2 by Using Lemma 4.1.3. Now, 

Dps(G1,2) = {{v1, va}, {v2, va}} ,dps(G1.2) =| Dps(G1,2) |=2 

Dar(G1,3)-{{vn, t2, v3,v, t3, va}} dps(G1,3) =| Dpr(G1,3) |=2 

Dps(G1,4) = {{v1, v2. Vs, a}} ,dps(G1,4) =| Dps(G1,4) |=1 

Therefore, the perfect domination polynomial of Gi is given by 

Dpr(C1,) =4sC1,i)r' = 2a +2+ 

Now we find the Perfect domination polynomial of G2. Clearly we have 7ps (G2) = 1 

and Dp(G2,1) = {{ve}, {vs}}. Therefore, dps (G2, 1) =| Dps(G2. 1) |=2. Also, Dps(G2, 2) 

=o and Dps(G2,3) = o hence, dp (G2,2) = dps(G2,3) =0 

Now, D,s(G2,4) = {{vs, vg, U7, Us}} hence, dps(G2,4) =| Dps (G2,4) |=1. 
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Therefore, the Peifect Domination Polynomial of G2 is given by 

Dpy (Cip,)= (G2, i)r' = 2r + 

=1 

1(.) ),s (G2, r)- (22 + 2+)(2r +') 

(1) =4+ 4r +2 + 2 +27 +* 

Now. the perfect doination polynomial of G is to be found. Since, 7pf (G1) = 2 and 

2=1 therefore ps (G) = 3, because G1 and G2 are the components of G. 

Dp; (G. 3) = {{v1, v4, v6}, {U1, v4, Vs, {v2,v3, v6, 1v2, U3, V8} 

dp (G.3) =| D»s(G,3) |= 4. 

Dpr(G. 4) = {{, v2, v3, va}, {vi, t2, vs, Us}, {v2, 3, , ve). {t2, t3. t's. Es} 

Ds (G.5) = {{v1, v2, v3, V4, Vs}, {v1, v2, v3, V4, Vs}} 

Dp(G. 6) = {{v1,v4, U5, V6, V7, vs, {v2, v3, U5, V6, U7, Vs}} 

Dp(G,7) = {{v1, v2, V3, Us, V6, U7, Vs},{v2, V3, U4, V5, vs,t7, ts}} 

Dps(G,8) = {{v1,v2, v3, V4, U5, U6, U7, Vs} 

Hence, dps(G, 4) =| Dpf(G, 4) |= 4, dps(G, 5) =| D»s(G,5)-2, 

dps G,6) =| Dpf(G,6) I= 2, dps(G, 7) =| D,S(G, 7) |=2 and dpr (G, 8) =| Dpr (G, 8) |=1 
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The Pertect Domination Polynomial of G is given by 

(2) 
DG.r) G, i)' = 4r3+4 + 2+ 2 + 2+* 

i3 

Pom 1) and (2) we get D,s(G, ) = D»s(G1,a)Dps(G2,) 
Corollary 2.5. If G be a graph consisting of n components G1, G2 ,Gn then 

Dp(G, ) = D,s(G1, æ)D,s (G2, =) D,s(Gn, z) 

The proof of Corollary 2.5 follows from Theorem 2.3. 

Corollary 2.6. If Kn be the empty graph with n vertices then, Dps (Kn, r) = r". 

Proof. Since K, is an empty graph with n vertices, it contains n components. With the 

help of Corollary 2.5, Dps (Kn,T) = t". 

Theorem 2.7. Let Kn,n be a complete bipartite graph with m +n vertices then, 
Dp(Kn,n, E) = mnt +rtn for m, n> 1. 

Proof. Since G is a complete bipartite graph, the vertex set V(G) cn be partitioned into 

two disjoint subsets Vj and V2 of degree m and n respectively. Also, every vertex of Vi 
is adjacent to n vertices of V2 but not in Vi. Similarly every vertex of V2 is adjacent 
to m vertices of Vi but not in V2. Hence, dps(K,n,us (n +n)1)= 0 for all m, n and 

dps(Kn,n, Tn tn)1. Therefore, D»s(G, a) = a" in for m, n>1. 
50 

TAJOPAAM 



W2 

Figure 2.3. Graph in Example 2.8 

Example 2.8. Consider the following complete bipartite Graph K3,2 with five vertices 

as in Figure 2.3. 

Now, we find the perfect domination polynomial of K3,2. Note that, 7pf(K3,2) = 2. 

Dp (K3,2,2) = {{v1, un}, {v1, ua}, {v. us}, {v2, u}. {v, un}, {va, ua}} Hence, dpf(K3,2,2) 

= D,g (K32,2) |=6. Prom the Figure 2.3, we note that Dps(K'3,2,3) = o and D,f(K3,2,4) = 

o. Therefore, dpr (K32,3) = dpr (ks.2,4) = 0. Dpf (k,2,5) = {{vi, v2, t3, 04, 5}} Hence, 

dpi (K3,2. 5) =| Dpr(K3,2.5) |= 1. Therefore, the perfect domination polynomial of K32 

is given by Dpf (K3,2,z) = Dig dps (K3,2,i)r' = 6x2+ 5. 

Theorem 2.9. If G is a complete bipartite graph K1,n then D,;(G,a) = a(1 + a)". 

Proof Since the complete bipartite graph of the form K1,n is a star graph with n +1 

vertices 6] then we have, D»f(G, c) = z(1 +r)". 

Theorem 2.10 The degree of the perfect domination polynomial of any simple graph G 

is the order of the graph G. 

Proof. Let G be a simple graph of order n, then the perfect domination number p/ Sn. 
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Also, V(G) is a perfect dominating set with cardinality n, then the perfect dominating 
sets of G with cardinality greater than n will be always empty. So, the degree of perfect 
domination polynomial is n, which is the order of the graph G. Therefore, degree of the 

perfect domination polynomial of any simple graph G is the order of G. 

Theorem 2.11. Let G be a simple graph and H be a subgraph of G. Then the degree 
of a perfect domination polynomial of H is less than or equal to the degree of a perfect 
domination polynomial of G. 

Proof. As H is a subgraph of G, the order of H is always less than or equal to the order 
of G. By Theorem 2.10 the degree of perfect domination polynomial of H and G are the 
order of H and G respectively. Therefore, the degree of a perfect domination polynomial 
of H is less than or equal to the degree of a perfect domination polynomial of G. 

Theorem 2.12. In a graph G with n vertices 

(i) If G is connected, then dpf(G, n) = 1. 

(ti) dpf(G, i) = 0 iff i <ps(G) for i > n. 

(iid) dp(G,c) has no constant term 

(iu) Zero is the root of Dpf(G, a) with multiplicity Yps(G). 
() Dp(G, r) is a strictly increasing function on [0, oo). 

Proof. (i) For any graph G, V(G) is always a perfect dominating set of G, therefore there 
exists a perfect dominating set with cardinality n. Hence, dps (G, n) = 1. 

52 
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The Proof follows from the definition of the perfect domination number. 

Sinee. rs(G)> 1, Tps(G, 7) has no terma of degree zero. Hence, Dpr(G. r) has no 

st ant term. 

1f 2,(G.r) = 0 then r = 0,. Hence zero is the root of D(G, r) since D,(G, r) 

has no const ant tem. Also, the least power of a in D,s(G, r) is 7ps(G). Therefore, Zero 

s the root of Dps(G.:) with multiplicity r (G). 

tSinee, 0 on (0, oo), the perfect domination Polynomial is increasing in 

0.) 

3. Perfect domination polynomial ofa double star graph 

Definition 3.1. Let Bm,n be a double star graph with m+n+2 vertices and Dpf(Bm.n. i) 

be the family of perfect dominating sets of the double star graph Bm,n with cardinality i 

then. dp (B,m,n,i) =| Dps(Bn,n, i)|. 

Lemma 3.2. p (Bm,n)=2 for m, n E N. 

Proof. By the definition of double star graph, B,m,n has m+n+2 vertices and m + n+l 

edges. Usually, BR, is constructed by joining the centre vertices of the two star graphs 

K1.m and K1,n. But, Tpr(K1,nm) = os(K1,)= 1 for neN. Hence, 7ps (B,m.n)= 2 for 

m, n E N. 

Dennition 3.3. Let B be a double star graph with m +n +2 vertices. Then the 
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2 U7 

Figure 3.1. Gi and G2 of Example 3.4 

perioct donination polynomial of the double star graph Bn is given by Dps Bm.n: 7) = 

dpf(Bn.n i)r'. 

Example 3.4. Consider the following bi star graph Bs,3 in Figure 3.1. 

As. Bn,n=2 for n E N, the perfect dominating set of cardinality one is empty. We 

have. dpf(B3.3. 1) = 0, dps (Ba,3,2) = 1,d»f(Bs,3,3) = 6, dps (Ba,3, 4) = 15, dpf(B3.3.5)=

20. dp B,3.6) = 15, dps (B3,3.7) = 6 and dpf (B3,3, 8) =1. 

Therefore. the perfect domination polynomial of the bistar graph B3,3 is given by 

D,y(Bs3, ) = 4ps(Bs3. i)r 

dy (Bs3 2) r2 + dps (B3,3,3)a + dps(Bs,3,4)r' + dps(B3,3,5)r3 + dpf (Bs,3. 6)- 

+dps B3,3, 7)x + dpf (Bs,3, 8)r5 = r + 6xs + 15d + 205+ 152® + 6r+ 

Lemma 3.5. For i 2, dps(Ba,n,i) = (2 

Proof. Let Ban be the double star graph with n +n +2 vertices and nm+n +1 edges. 

Note that, every perfect doninating set of the double star graph Bn,n ust contain two 

center vertices. Therefore, the perfect dominating set ot the double star graph B,,.with 
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vertices is obtained by choosing1-2 vertices from m +n vertices. There are (2) 

POssible ways. Hence, dpf(Bm,n, i) = (7-") 

Theorem 3.6 The Perfect domination polynomial of the double star graph Bn.n is given 

by Dp(Bm.n, X) = r*(1+r)m*n 

Proof. By the definition, the perfect domination polynomial of the double star graph is 

given by Dpf (Bm,n, T) = 22i=2T* dpf (Bm,n, i)r'. Using Lemma 3.5, 

m+T m+n 

DpsBm=(o .+ m+n -2/ 

+T n+n+1 T m+n+2 + 
m +n -1/ m +n 

-""+("" 
(1-+c)tn 
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