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Abstract: In this paper, we introduce and develop the notion of fuzzy 
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1. Introduction 

Representation theory (G-module theory) has had its origin in the 

20th century. In the 19 century, groups were generally regarded as 
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subsets of some permutation set, or of the set GL{V) of automorphisms 

of a vector space V, closed under composition and inverse. Only in the 

20 century was the notion of an abstract group formed, making it 

possible to make a distinction between properties of the abstract group 

and properties of the particular realization as a subgroup of the 

permutation group or GL(V). Group theory is now factored in to two 

parts. First, there is a study of the structure of abstract groups. Secondis 

the companion question: given a group 6, how can we describe all the 

ways in which G may be embedded in a linear group GL(V)? This is the 

subject matter of representation theory. 

The representation of G can be built up out of other 

representations using direct sum. We should focus, then, on 

representations that are atomic [i.e. representations that cannot be 

expressed as the direct sum of others]. The usual term for such a 

representation is indecomposable. That is, a representation is atomic if 

and only if it is not reducible and every other representation is a direct 
sum of irreducibles, in a suitable sense, uniquely so. 

Soon after the introduction of fuzzy set theory by L.A.Zadeh[3] in 

1965, Rosenfield[4] initiated the fuzzification of algebraic structures. As a 

continuation of these works, in this paper, we introduce and develop the 
definition of fuzzy irreducible G-module and also give some examples for 
fuzzy irreducible, reducible and completely reducible G-modules, which 
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are obtained by changing either the scalar field or the module or the 
group. 

2. Elementary Concepts 

2.1. Notations 

C :The set of all complex numbers. 

R The set of all real numbers 

a The set of all rational numbers 

Fla) The field obtained by adjoining an element "a" to 

the field F from an extension field. 

: minimum[Infimum]os 8 

A () :Level set of the fuzzy set 

IS Cardinality of the setS 

2.2. Definition[1]. Let G be a finite group. A vector space M over a fieldK 

is called a G-module if for every 8 & G and m e M, there exit a product 

(called the action of G on M )g.m satisfying the following axioms: 

(i) m.1g=m, Vm e M (lg being the identity element in G) 

(i) m.(g.h)= (m.g).h, Vm E M; g,h e G; and 
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(i) (kamatkzm,)g = ks(mg)+ ka(mz B), Vki, ka t K; mi,m2 ¬ M;geG 

2.3. Example. Let G = {1,-1, 1, -1} and M=C" (n 21). Then M is a 

vectorspace over C, and under the usual addition and multiplication of 

complex numbers, we can show that M is a G-module. 

2.4. Remark.The operation (m,g) >m.g defined above may be called a 

right-action of G on M and M may be said to be a right G-module. In a 

similar way, we can define left-action and left G-module. We shall 

consider all G-modules as left G-modules. 

2.5. Definition. Let M be a G-module. A vector subspace N of M is a G 

submoduleif N is also a G-module under the same action of G. 

2.6. Example. LetG ={1,-1} and M =R. Then M is a G-module over Q. For 

each irrational number r, N=Qlr) is a G-submodule of M. 

2.7. Definition[1]. Let M be a nonzero G-module. Then M is irreducible if 
the only G-submodules of M are M and {0). Othewise M is reducible. 

2.8.Example.Let G ={1,-1) and M =Q. Then M is a G-module over Q. The 

only G-submodulesof M are M and {0} and so M is an irreducible G 
module. 

If we change the module M =R. Then M is a G-module over 
Then for each irrational number 'r, N= Qr) is a G-submodule of M. 
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Hence the G-module M has proper G-submodules and therefore it is 

reducible. 

.9. Definition[2]. Let Mi,M2,. M, be vector spaces over a field F. 

Then the set {mitmzt..+mn: m e Mi} becomes a vectorspace over K 

under the operations 

m+m2+.+mn)+(m1' +m2'+. +n"= 

(m1+m)+ (m2+m2 )+t.. +(mn+mn) and 

a(m1tm2t. +mn)=am1+ amzt..+ amn; a E K, mi,m/E Mi 

It is called the direct sum of the vector spaces MiM2.. M and is 

denoted by =Mi ubbolun-9s3on a 

2.10. Example. The set Q{v2,v3) is the field obtained by adjoining the real 

numbers V2,v3 to Q. Then we have Q{v2,v3) is a vector space over Q and 

the set { 1,v2,v3,V6} is a basis for Q(V2,v3) over Q. Let Mi= Q, M2= 

a(v2), Ma = Q{V3) andMa= Q{V6). Then Qlv2,v3) = OM. 

2.11. Definition[1]. A nonzero G-module M is completely reducible if for 

every 
G-submodule N of M there exists a G-submodule N of M 

such that M =N ON 

2.12. Example. In the example 2.10, if G={1,-1}, the set M Q(v2,v3) is a 

G-module. Since M = O=Mi, it is completely reducible. 
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2.13. Proposition[2].Let V be a finite dimensional vector space over a 

field F and let W, be any subspace of V. Then there exists a subspace W 

of V such that V=W1OW2 

2.14. Remark. All completely reducible G-modules of dimension at least 

two is reducible; but all reducible G-modules are not completely 

reducible. 

2.15. Example. Consider the G-module M C over Q where G=(1,-1} 
given in example 2.6 We have observed that it has proper G 

submodules, and hence it is reducible. But it is not completely reducible, 
since corresponding to the G-submodule N Q(V2) of M, there does not 

exist a G-submodule N* of M such that M =NON*. ( The set N* = C 

[QV2)-{O} is not a G-submodule because N* does not contain G). 

3. Fuzzy Irreducible G-modules 

3.1. Definition[5]. Let G be a finite group and M be a G-module over K 
which is a subfield of C. Then a fuzzy G-module on M is a fuzzy subset of M such that 

() (ax+by) 2u (x) ^ 
4 (y), Va,b eKand x,ye M and 

(ii) (em) 2 (m),V ge G, me M 
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3.2.Example.Consider the G-module M=F{a) ={ b,tbja+bza*+ bi 

F,where F is a field. Then M is a vectorspace over F. Define : M710,1) 

by 

Hx) =1, if x=0 

=h, if xe F{a)-F 

=4, if xeF-{0}. 

Then is a fuzzy G-module. 

3.3. Definition. A fuzzy G-module uon M is irreducible if M is irreducible 

as a G-module. 

3.4. Example. From the example 2.8, we have the set Q with G ={1,-1} is 

an irreducible G-module. Define p:M> [0,1] by 

H(m)=1, ifm=0 

=%, if m#0 

Then u is a fuzzy G-module on M, and hence is an irreducible fuzzy G-

module. 

3.5. Proposition [5]. Any n-dimensional G-module has a fuzy G-module 

with IA(u)|= n+1. 

Proof: Let {mm2mn} be the basis for M. Then u: M>[0,1] defined by 

(Cim1t C2m2t..t Camn=1, if c=0 Vi 
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=%, if ci0, c2=C3,.C=0 

=%, if c20, C=C4=.C=0 

=, if cg0,c=C5. C=0 

-1/n-1, if Cn 2#0, Ch1=Cg=0 

1/n, if Cp-140, C=0 

=1/n+1, if ca0 

is a fuzzy G-module on M with |A (u )l= n*1. 

3.6. Remark. The above construction can be extended to infinite 

dimensional G-modules also. 

3.7. Proposition |5]. Let M be a G-module over K and M M, where 

M's are G-submodules of M.If v (1s i sn) are fuzzy G-modules on M 

then v: M> [0,1] defined by 

v(m)= {v (mi): i=1,2,..,n},where m= mi, m e M 
is a fuzzy G-module on M. 

3.8. Remark. In the above propositlon, if v{0) are all equal then we 

have 
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v(0) = Mv (0) :i=1,2,.,n)= v, (0), for ll . 

3.9. Definition[5]. The fuzzy G-module v on M Di=1 M, in the 

proposition 2.21 with v{0) = v{0) for all i, is called the direct sum of the 

fuzzy G-modules vjand is denoted by v= i=1V 

3.10.Example. Let G ={1,-1} and M= C over R. Then M is a G-module. 

We have M= M, M2, where M=R, M2= iR. Define v: M> [0,1] by 

vlx+iy) = 1, ifx =y=0 

%, if x#0,y=0 

%, y#0 

Then v is a fuzzy G-module on M. Also the mappings V: M1> 

[0,1] defined by 

Vilx)=0, if x=0 

=%, if x#0 

and v2: M2 [0,1] defined by 

Vzly)-0, if y=0 be 

=%, if y#o E 

are fuzzy G-modules on Mi and Ma respectively and v= vCv2. 

3.11.Definition[5]. A fuzzy G-module u on M is reducible if M is 

reducible as a G-module. 
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3.12. Example. Let G = {1,-1) and M=C, regarded as a vector space over Q. 

Then by example 2.3-4, we have M is reducible. Define : M 0,1 

by 

H(m) =1, if m=0 

=%, if m (#0) is real 

=%, otherwise. 

Then u is a reducible fuzzy G-module on M. 

3.13. Definition [5]. A fuzzy G-module von M is completely reducible if 

i) Mis completely reducible. 

(ii) M has at least one proper G-submodule ; and 

(i) Corresponding to any proper decomposition M,©M 
there exist fuzzy G-submodules vy's onMi's such that v= ViAv2 with A 

(v1)A (v2) 

3.14.Example. Let G ={1,-1} and let Q be the field of rationals. Let 

M-Q(V2,V3)={a+bv2+CV3+dv6/ a,b,c,deQ}.Then M is a G-module such 
that Dim.M= 4 and B={a=1, a2=V2, ag=V3, a4=V6}is a basis for M over Q. 
Define v: M [0,1] by 

vlcatC2aztC3a3tC�a4) = 1,, if c-0 for all i 

%, if c#0, C2=C3=C4=0 
=h, if cz#0, C3=C^=0 
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=, if ca#0,cA=0 

-1/5, if ca0 

Then v is a fuzzy G-module on M. Consider any proper G-submodule of MM 

(say), MSpanfa,a}.Let Ma= Spanfa2, aa}. Then M=MOM2. Define vi 

Mi [0,1] and va: M2> [0,1] by 

V (CatCgdg) = 1, if c=C3 =0 

=1/2, if c1#0, cg=0 

=1/4, if cg#0 

and 

V2 (c2az+C4a4) = 1, if ca=C4=0 

1/3, if c#0, ca=0 

=1/5, if ca#0 

Then Vi and v2 are fuzzy G-modules on Mi and M2 respectively such that 

vE v1v2 and A (vi) *A (v2). 

4.Some 
reducible,irreducible and completely reducible fuzzy G-modules 

Here we consider some examples for fuzzy irreducible, reducible 

and completely reducible G-modules, which are obtained by changing 

either the scalar field or the module or the group. 

e 
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4.1.By changing the Scalar Field. 

4.1.1.Example.Consider the G-module M=R with G= {1,-1} over the scalar 

field R, then it is an irreducible G-module. Define u: M> [0,1] by 

H(m)=1, if m=0 

=%, if m#0 

Then u is an irreducible fuzzy G-module. If we change the scalar field to 

Q then it is reducible but not completely reducible by the example 2.15. 

Then the fuzzy set p is also a fuzzy G-module on M and so u is a fuzzy 

reducible G-module. 

4.1.2. Example. Consider the G-module M=C with G= {1,-1} over the 

scalar field C, then it is an irreducible G-module. Define v: M [0,1] by 

v(m) =1, if m=0 

=h, if m (#0) is real 

=h, otherwise. 

a yloseloos bos blcdiaubov 
Then v is a fuzzy G-module on M, and hence is irreducible. If we change 
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=%, if y#0 

are fuzzy G-modules on M1 and M2 respectively such that v= ViOv2. 

Also A (vi) A (va), and therefore the fuzzy G-module v is completely 

reducible. 

obom 
4.2.By changing the Vector Space. 

4.2.1. Example. Consider the G-module M=Q with G= {1,-1} over the 

scalar field Q. It is an irreducible G-module. Define : M> [0,1] by 

H(m) =1, if m=0 

=h, if m#0 

Then is an irreducible fuzzy G-module. If we change the vector space 

M=R, then it is reducible but not completely reducible. Then the fuzzy set 

is also a fuzzy G-module on M and so u is a fuzzy reducible G-module. If 

we change the vector space 

M-Q(v2,v3]={a+bv2+cV3+dv6/ a,b,c,d eQ}ob lo gos 

then it is both reducible and completely reducible. l 0 

4.3.By changing the Group.ug oipes 

4.3.1. Example. Let w be the cube root of unity, S ={ 1,w,w , G= {1,-1). 

Consider the vector space M over R given by 

M span(S) = { a+ßw+y w: a,B,y e R). 

For eachgeG and meM,define g.m= (ag)1+(Bg) w+ (vg)w, where 
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m= a+ßw+y w. 

Then g.me M and satisfies all the properties of a G-module, Hence M is a 

G-module. Let M= R, M=R(w) and Mg=R(w°). Then M =D-M 

Therefore M is an completely reducible G-module and as in the example 

3, we can define a fuzzy G-module on M which is completely reducible. 

Let 

1 w w 1 w w 

w1 w ww 1 

If we change the group 

the symmetric group of degree 3. For each gEG and me M,define 

g.m ag(1)+ B glw)+ vg(w), where m= a+ßw+y w. 

Then g.me M and satisfies all the properties of a G-module. Hence M is a 

G-module. Since G =S3, the proper vector subspaces of M are not G-sub 

modules, and so the only G-submodules of M are M and (0). Therefore, 

Mis irreducible. 
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