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Abstract: In the present paper, we discuss the problem of estimation of TTT plot for

the two parametric Lomax distribution. The estimation of TTT is obtained by employing

the classical and Bayesian paradigm. Bayes estimators are obtained by using Gamma prior

under SELF and LLF. Maximum likelihood estimation is also discussed. These methods

are compared by using mean square error through simulation study with varying sample

sizes.
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1. Introduction

The Lomax distribution also known as Pareto distribution of the second kind or Pearson

Type VI distribution has been used in the analysis of income data and business failure

data. The Lomax distribution was first introduced by K. S. Lomax in 1954 [18]. Corre-

sponding p.d.f is given by
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f(x : θ, λ) =
θλθ

(λ+ x)θ+1
) (1)

where x, θ, λ > 0. Here θ, λ are shape and scale parameters respectively.

An application of the Lomax distribution in Receiver Operating Characteristic (ROC)

was presented by Campbell and Ratnaparkhi [9]. Balakrishnan [6] and Ahsanullah [2]

studied the distributional properties and recurrence relation moments of record values.

Much work has been done with respect to the estimation of parameters using both classical

and Bayesian techniques. Parametric and nonparametric inferences based on record values

have also been studied extensively. Prabhu and Jeevanand [22] performs quasi Bayesian

estimation of TTT in Lomax model.

The concept of Total Time on Test (TTT ) transforms is well known for its applications

in different fields of study such as reliability analysis, econometrics, stochastic modelling,

tail orderings and ordering distributions. A major share of the literature on TTT is con-

cerned with reliability problems that include characterization of ageing properties, model

identification, tests of hypotheses, age replacement policies in maintenance, ordering life

distributions, and defining new classes of life distributions.

Some of the applications of TTT were given in Bergman and Klefsjo [8], Bartoszewicz

[7], Haupt and Schabe [15], Kochar et al. [16], Ahmed et al. [1], Li and Zou [17], Nanda

and Shaked [20] and the references therein for further details. The estimation problem of

TTT of the Lomax distribution discussed in Prabhu and Jeevanand [21].
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Let F be a life distribution with finite mean µ. The scaled total time on test (TTT )

transform of F is defined as,

ϕ(t) =
1

µ

∫ F−1(t)

0

F (x)dx for 0 ≤ t ≤ 1

where F = 1− F is the survival function with finite mean µ =
∫∞
0

F (x)dx.

Further more, let

F−1(y) = inf{x : F (x) ≥ y} for 0 ≤ y ≤ 1.

For the above model, the TTT simplifies to

ϕ(t) = 1− (1− t)
θ−1
θ (2)

Record values and associated statistics are of interest and importance in several branches

of science and social science such as psychology, medicine, pharmaceutical, engineering

and pedagogy. Record values arise naturally in many applications involving data relating

to weather, sports, economics and life testing studies. Many authors have studied records

and their associated statistics as well as inference-based testing on records. Motivated

by extreme weather conditions, Chandler [10] introduced record values and record value

times. Feller [12] gave some examples of record values and record value times. Theory of

record values and its distributional properties have been extensively studied in the liter-
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ature. Sevgi, et al. [23] examined the relationship between order statistics and records.

Galambose [13], Arnold and Balakrishnan [5], Ahsanullah [3], Arnold et al. [5] and Gulati

and Padgett [14] have highlighted many of the advances in the theory of records and have

mentioned several applications of record values.

Ahsanullah and Holland [4] discussed both scale and location estimation of the dis-

tribution of generalized extreme values based on records. Mathachan and Jeevanand [19]

discuss the problem of estimation of entropy function of the geometric distribution based

on record. The estimation problem of stress strength reliability for power function distri-

bution is discussed in Dhanya and Jeevanand [11]. Let r = (r0, r1, · · · rn) be a sequence of

the first (n+1) record values with r0 = x1 defined over the sample from Lomax distribu-

tion. Then the likelihood function of the sample of record values (R) from the population

is given by,

l(R \ θ, λ) =
n∏

i=0

f(Ri)∏n−1
0 (1− f(Ri))

=
θn+1λθ

(rn + λ)θ+1

n−1∏
i=0

1

ri + λ
. (3)

2. Estimation of TTT when λ is known

In this section we obtain the MLE and Bayes estimate of θ using record values when λ

is known. The log likelihood function of the sample is
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logl(R \ θ, λ) = (n+ 1)logθ + θlogλ− (θ + 1)log(rn + λ)−
n−1∑
i=0

log(ri + λ). (4)

Differentiating w.r.to θ and equating it with zero we get,

dlogl

dθ
= 0 =⇒ n+ 1

θ
= log(

rn + λ

λ
)

θ̂ =
n+ 1

log( rn+λ
λ )

(5)

The maximum likelihood estimator for the TTT denoted by ϕ̂MLE(t) can be obtained

from (2) after replacing θ by θ̂.

The Bayesian approach provides the possibility for incorporating prior information

about the relevant parameters. To this end, the parameter θ, is considered as a ran-

dom variable, having some specified distribution. Here we suggest the conjugate prior

distribution for the parameters and is given by

g(θ) ∝ θp−1e−θτ ,with θ, τ, p > 0 (6)

Combining (3) and (6) we get

f(θ/R) ∝ θn+1λθ

(rn + λ)θ+1

n−1∏
i=0

1

ri + λ
θp−1e−θτ ∝ θR−1e−θU (7)
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where R = n+ p+ 1, U = log( rn+λ
λ ) + τ. Let ϕ(t) be a parameter itself denoted by ϕ for

simplicity. Replacing θ in (7) in terms of ϕ by that (2), we get the posterior of the TTT

as

f(ϕ \ x) = [C1(t, 0)]
−1BR+1

ϕ e−BϕU
1

1− ϕ
(8)

where C1(t, d) =

∫ t

0

BR+d+1
ϕ e−BϕU

1

1− ϕ
dϕ, Bϕ = [1− ln(1− ϕ)

ln(1− t)
]−1 (9)

The symbol C with suffixes stands for the normalizing constants. Under squared error

loss, the Bayes estimator of TTT is the mean of the posterior density given by

ϕ̂RS1 = E(ϕ \ x) = C1(t, 1)

C1(t, 0)
. (10)

Under the LLF, the Bayes estimator for TTT is defined as

ϕ̂RL1 =
−1

a
ln{Eϕ\x(e

−aϕ)} =
−1

a
lnA1 (11)

Where A1 =
∫ t
0
BR+d+1

ϕ e−(aϕ+BϕU 1
1−ϕdϕ

C1(t,0)
and C1(t, d) is given in (9).

3. Bayesian estimation of TTT when λ is unknown

In this section we obtain the Bayes estimate of TTT when both the parameters are un-

known. Here we take the joint prior distribution of θ and λ as
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g(θ, λ) ∝ θp−1e−θτ

λ
, θ, τ, p > 0 (12)

Combining the prior distribution (12) and the likelihood function (3), the posterior density

of θ is derived as follows.

f(θ \ x) ∝ θγ−1

∫ ∞

0

e−(θε+B)dλ (13)

where γ = n+ p+ 1, ε = τ + log( rn+λ
λ ) and

B = log(rn + λ) +

n−1∑
i=0

log(ri + λ) + logλ. (14)

Replacing θ in (13) in terms of ϕ by that (2), we get the posterior of the TTT as

f(ϕ \ x) =
Rγ+1

ϕ (1− ϕ)−1
∫∞
0

e−(Rϕε+B)dλ

C2(t, d)
(15)

where

C2(t, d) =

∫ t

0

∫ ∞

0

ϕdRγ+1
ϕ (1− ϕ)−1e−(Rϕε+B)dλdϕ]. (16)

• The Bayes estimator of TTT under squared error loss function is given by

ϕ̂RS2 = E(ϕ \ x) = C2(t, 1)

C2(t, 0)
(17)
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Table 1: Bias and MSEs (in paranthesis) of the estimate of ϕ using record
values when λ is known for different values of θ

n θ True ϕ Bias ML

1.5 0.112 0.2051
40 2.5 0.193 0.1452

3.5 0.225 0.1871
1.5 0.112 0.1358

60 2.5 0.193 0.1075
3.5 0.223 0.1185
1.5 0.112 0.1125

80 2.5 0.193 0.0125
3.5 0.223 0.0115

• The Bayes estimator of TTT under Linux loss function is given by

ϕ̂RL2 =
−1

a
ln{Eϕ\x(e

−aϕ)} =
−1

a
lnA2 (18)

where A2 =
∫ t
0

∫ ∞
0

ϕdRγ+1
ϕ (1−ϕ)−1e−(Rϕε+aϕ+B)dλdϕ

C2(t,0)
and C2(t, d) is given in (16)

Table 2: Bias and MSEs (in paranthesis) of the estimate of ϕ using record
values when λ is known for different values of θ

n θ Bias BS1 Bias BL1

1.5 0.11056 (0.04582) 0.12018 (0.02563)
40 2.5 0.193 (0.12562) 0.14738 (0.10052)

3.5 0.225 (0.04875) 0.13178 (0.00357)
1.5 0.18713 (0.00251) 0.14447 (0.00605)

60 2.5 0.18545 (0.15610) 0.14323 (0.00405)
3.5 0.13648 (0.18001) 0.11990 (0.05623)
1.5 0.14418 (0.11125) 0.12780 (0.08520)

80 2.5 0.14114 (0.25140) 0.12606 (0.00101)
3.5 0.13346 (0.01542) 0.11858 (0.00152)
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Table 3: Bias and MSEs (in paranthesis) of the estimate of ϕ using record
values when λ is unknown for different values of θ

n θ Bias BS2 Bias BL2

1.5 0.16037 (0.01025) 0.14056 (0.00223)
40 2.5 0.15185 (0.01425) 0.12766 (0.01024)

3.5 0.12769 (0.14520) 0.11206 (0.10256)
1.5 0.14608 (0.01470) 0.12475 (0.00356)

60 2.5 0.14462 (0.14258) 0.12351 (0.00025)
3.5 0.11779 (0.01874) 0.10905 (0.01741)
1.5 0.12659 (0.11245) 0.11804(0.05478)

80 2.5 0.13306 (0.14025) 0.12606 (0.07245)
3.5 0.12602 (0.17802) 0.11858 (0.00475)

4. Simulation study

In this section, we study the performance of the estimators obtained so far using simulated

data. The simulation encompasses the parameter values θ = 1.5, 2.5, 3.5.We simulate 1000

samples of different sizes that have been generated and the above measures are calculated.

The bias and MSEs of the different estimators are given in Tables 1, 2 and 3.

5. Conclusion

Based on the set of the upper record values the present paper proposed classical and

Bayesian approaches to estimate the TTT for Lomax model. Comparisons are made

between different estimators based on simulation study and the following were observed:

(i) The Bayesian estimates are found to be better than the maximum likelihood estimates.
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(ii) From the table we can observe that the estimate under squared error loss function

has lesser bias than the Linex Loss function.
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